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O. INTRODUCTION

Let K nv be a generalization of the Jackson kernel, namely,

where n' = In/pi + 1 (here Ixl is the largest integer :o;;.x), and the constant All
is chosen so that

11, P = 1,2,...

III. We put

u sin(t/2),

·1 (0.1)
PII 1 = I knv(u) du = (1/2) I cos(t/2) K 1n;2IP(t) dt;':::; 1.

..,. ~. J • rr

Then p~-Iknv is even, non~negative, and a polynomial in u. Let Clil be the
class of all continuous real functions on I, and let nn be the subclass of CI f I
consisting of all algebraic polynomials of degree n or less. If J = la, bIe
(0, 1), we consider a certain operator with the kernel Pillknp' which maps
ell] into [[11' To this end we extendfE ell I to a function FE eIR], where
R = (-00, 00), which satisfies the following conditions (l H4):

(1) It is 2-periodic.

(2) It is even.

(3) Let 00 = (1/2) min~a, 1 ~ b} and or = bo/(r + I) (r 1,2,... ). Then
F(x) == °for x E 10,200 - orl U (l - 200 +b" 11.
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(4) F is sufficiently smooth, for instance, iffk) E Lip( I; e [a, b]), then
F(k) E Lip(l; qo, I]), or

0< h ~ (b - a)/r, (0.2)

where wr(g; .) is the rth modulus of smoothness of g, and M rf is a constant
depending on rand f.

In this case we put

r . (r) ( 1 ) fjInpr(F;x)=Pn?= (-1)1+1 . -;- F(u)knp«x-u)/j)du
]= I ) } 0

r . (r)fu-x)/j
=Pn L (_1)1+ 1

• F(x + ju)knp(u)du,
j=l ) (-x)/j

where p is the smallest integer >(r + 2)/2, that is,

(0.3)

2 _1=\r+2
p Ir+ 1

if r is odd

if r is even.

We can determine the saturation class of the operator I npr (Corollary 2.1).
However, our methods are also applicable to other kinds of operators, for
example, those of Korovkin type [2-4]. Let qJ be a nonnegative, even, and
continuous function on [-c,c], decreasing on [O,c] and such that qJ(O) = 1
and 0 ~ qJ(t) < 1 for 0 < t ~ c. In this case we define

n = 1,2,.... (0.4)

Let f E e[I], where I = [a, b] c (0, c). By the same method as (0.2) we
extend f to FE qR] which is 2c-periodic and even. For such a function F
we define the operator

=Pn±(_I)Hl (~)fUC-X)/jF(x + ju)kn(u)du (0.5)
j=1 ) (-x)/j

where

p;;1 =rkn(u) du,
-c

n = 1,2,....

For simplicity we consider only the case c = 1.
In this paper we consider a certain class of operators which contains the

above, and we determine the saturation class of such operators. Let kn be
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even, positive, and belonging to Cr(O, 1], and let 1 = la, b Ie (0, I). For each
f E C[I] we consider a function FE C[R] which is extended by method
(0.2). Then we define a linear operator

Knr(F;x)=Pn ~ (-I)jll (~) ('~) rF(u)kn«x-u)/J)du
j~1 JJ -0

=Pn (, (_Iyt' (~)' {;-X)/iF(X+JU)kn(U)dU, (0.6)
; 1 J (x)jJ

where

Pn I = I kAu)du,
~ -- I

n = 1,2,... ,

which maps C[ 11 into itself. For this operator K nr(F) we make the following
assumptions: There is a positive number A such that

(I) Pnnkn(u) du = Pn J ~ kn(u) du = o(n r' /.1) as n-. (f) for each
o< 6:(; I, where

*
\r + I

r = Ir
if r is odd,

if r is even.

(II) For some sequence ln; f of natural numbers and some constant

cr *°

where

lim nj'/A 1G(x) - Knr(G; x)f = crg<r')(x)
J~OO

for each g E C~' I,

c~= jg; gE CkIO, II, g=O on 10,a] U Ib, Ilf.

(III) For some °< a:(; r*,

.)

Pn J uakn(u) du = O(n an)
o

as n ---; 00.

THEOREM A. Assume I, II, and III. For f E C[I I we have

(I) Ilf - Kn,(F)llcta.bl = o(n .r·Il) =:> f E IIr· _ I'

(2) Ilf - Knr(F)llcta.bl = O(n - r' /A) =:> fIr· I) E Lip( 1; C[I I),
(3) 1'r--1) E Lip(1; C[I])=:> Ilf -Knr(F)llera.hl = O(n r·/l).
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From Theorem A we can obtain a characterization of the class
LiPr(a; C[I]) consisting of all functions I with wr(f; h) (O(h a), under the
following:

Assumption (IV).

where M r is a constant depending on r.

THEOREM B. LetIE C[I] and 0 <a < r. If we assume I, III and IV, we
have

Iii - Knr(F)IIC[a.bl = O(n- a
/
A

) ~ I E LiPr(a; C[I]).

These theorems are also true for II IlL' 1 ( p < 00, see Section 3.
p

1. PROOF OF THE THEOREMS

For the proof of Theorem A we need

LEMMA 1.1. For each IE C[I] consider the extended lunction F
constructed by method (0.2). Then we have

uniformly on the interval [00 , 1 - 00 ], and

uniformly on the interval [0,00] or [1 - 00 , I], as n -+ 00.

Proof For 00 ~ x ~ 1 - 00 we have (-x)/j (-oo)/r and 00 ~ (j - x)/j.
By Assumption I

Thus we have the first formula.
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Let 0 (; x (; 00 or 1 00 (; x (; 1, then we have

.(j - XI//'

I F(x + ju) kn(u) du
• ( Xli)

= 1(( + II>, + ( Xl'i) F(x+ju)kn\u)du
I .•' -- Or .'(. :rL) .' ;\,

(;21I F IIC!o.11 k l1\u)du.

If we use Assumption I again, we have the second formula.

Proof of Theorem A. ( 1) Let us assume that

lim n" \ jf(x) - Kn,(F; x) 1= 0
n-.. J

uniformly on la, bI. For each gEe;; . I we have

·1

lim I nr"\jF(x)-Kn,(F;x)/G(x)dx O.
l1_r£, .'0

We put

·1 bn

/ = I jF(x) Kn,(F; xli G(X) dx
. bo

189

Q.E.D.

,-I 8 0

= I F(x) G(X) dx
. blJ

Pn,1 1>" G(X) <. (-I )if 1 (':) 1)
'1>" i 1 j.!

x rJ F(u)k l1 (X~U )dUdX.
• 0 .I '

Then we have

(
p ) -1-0" . -i (' X-U)

/nJ = .-;.. I G(x) I F(u) k n .-'-.- du dx
.I - 00 - 0 . j I

= (P:,) rJF(U) ( o"G(X)kn(X~U)dXdU
.j . - 0 - 8" . j

,.; 1 Do--ll)/j

=Pn I F(u) G(U + jt) kn(t) dtdu.
•' () ul!j

MOi41:2 B
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and (1- 00 - U)/j - (00 - U)/j = (1 - 200 )/j. Thus, for u with (1 - 00 - u) ~
-or or or ~ (00 - u)/j, we have

By the definition of F we have

F(u) = 0

Thus we have

on [00 - jOn 00 + jOr] U [1 - 00 - jOn 1 - 00 + jOr]'

(1.2)

But we see (oo-u)/j~-or and (1-oo-u)/j??-0r' By Assumptionl and
(1.2) we have

I nj = Pnr-bo-jb, F(u) r-U)/j G(u + jt) kn(t) dt du
bo+jb, (- u)/j

Consequently, we have

I
I-bo

1= F(u){G(u) - Knr(G; u)} du +o(n-r'/A).
bo

By (1,1) and Assumption II,

rl

F(u) crG(r')(u) du = 0,
, 0

Thus we have

fE flr'_1 on [a, b].

(2) From the weak * compactness there are a sequence {n k } of natural
numbers and a function h E L 00 [a, b] such that

lim II n~'/A{F(x)-Kn r(F;x)}G(x)dx
k~oo 0 k

= rhex) G(x) dx
o

for all g E C~·+ I.
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In this case. by using same method as the proof of (I) we have

·1 ·1

lim I n~'!'F(t)lG(t)-Knr(G;t)}dt= \ h(t)G(t)dt.
k _c(, .' () . (l

By Assumption II.

·1 ·1

I F(t) crGlrOI(t) dt = I Hr·(t) G(rl(t) dl .
. 0 . 0

where H r' is a r*th integral of h. Thus we have

191

or

Consequently. we see

pro II E Lip(!; eIII).

Using Lemma 1.1, for a ~ x ~ b we have

.[

F(x)-Knr(F;x)=Pnl LJ~F(x)kn(u)du+o(n r·l).
[

From F lr
'-

I
) E Lip(l; Cia. I i) we see

LJ~F(x)=ur' IFlr IJ(x)+urh(x.u).

where Ih(x. u)1 ~ M for all x. u (see Lemma 2.2. below). By Assumption III.

Q.E.D.

To complete the proof of Theorem B we need two lemmas. They are well
known.

LEMMA 1.2. Let

'rjilr ·rli'2r

F",(x) = (ry/r) r I ... I
01 n)!2r . I n)!2r

X '\' (_1),+1 (J~)F(X+S(UI+"'+Ur))dUI·.. dUr.
s I

lhen we have

( I ) 1F(x) ~ F",(x)1 ~ wrtF; 'I).
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F(i)(x) = 0"r , i = 0, 1,2,... , k = 0, ± 1, ±2,...,

and

K<';)(F",; x) = Knr(F~;; x),

(4) IF~;(x)1 ~ M rl1- rWr(F; 11),

where M r is a constant depending on r.

LEMMA 1.3 [5]. Let n be monotonely increasing on [0, c]. Then net) =

O(ta), t --+ 0+, iffor some 0 <a < r and all h, t E [0, c]

n(h) ~ M{ta + (hjt)' net)}.

Now, it is easy to show Theorem B.

Proof of Theorem B. (~) We use Assumption IV and Lemma 1.2. For
a~x~b

II
hl2r hl2r II+ f ... f Knr(F; .)(. + ul + ... + ur)du l .. • dU r
(- h)/2r (- h)/2r

~ 2' Ilf - Knr(F)11 + (hjr),{IIK<';;(F - F"r; . )11 + IIK<';;(F",; .)II}
~ 2rMrfn-a/~t + (hjr)'{MrnrlJ. IIF - F",II + M; IIF~; II}
~ 2'Mrtn-a/~l + (hjr)'{MrnrlJ.wr(F; 11) +M;l1- rwr(F; 11)}

~ M;t{n-alJ. + (nl/J.h)' wrCF; n-I/J.)}

with 11 = n -I/J.. Thus, for 0 < t ~ 1 we have

From Lemma 1.3,

(¢:) By Lemma 1.1 and Assumption III,

F(x) - Knr(F; x) = Pnr L1~F(x) kn(u) du + o(n -r-I.')
-)

= 0(1)ruakn(u) du + o(n-r-IJ.) = O(n-alJ.). Q.E.D.
o
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2. ApPLICATIONS

193

As mentioned in Section 0, our theorems are applicable to Jackson- or
Korovkin-type operators. First, we give concrete examples of Korovkin-typc
operators.

EXAMPLES I. Let IJ > O.

rp(t) = 1fI(t") for t ~ O.

(I) rp(t) = e 111".

Weierstrass kernel 161 if 'I = 2,
Picard kernel if IJ = I,
Bui, Fedorov, Cervakov kernel 171 if '1= Ilk, k 1,2,....

(2) rp(t) = I-try. 11>0.
Landau kernel 181 if 17 = 2.
Mamedov kernel 191 if II = 2k. k = I, 2, ....

(3) rp(t) = 1/(1 + L? ]Ckt',k), where the all coefficients c, are
positive.
Mirakian kernel 110 I if 11=2 and ck = 1/2 2k

• I k, k = 1, 2.....

EXAMPLE 2. rp(t) = cosry(t/2).

de la Vallee-Poussin kernel 1III if 17 '= 2.

The following lemmas are fundamental.

LEMMA 2.1. If gEe' I] we have

. a,u'gl')(x)+a,+]u'·]gl,·l](x)

A' ()-l + ,.21 l,t2t( )+h(' )iLJugx -/ ar+2u ,g X X,il l

\ b,u'g'r)(x) + b,+ J U' I] j gU I ])(x) + h(x. u)l

Here, h(x, u) is a continuous function and

ifr is odd.

i/r is even.

lim h(x, u) = 0
u .0

and

uniformly in x,

p= O. 1,2,

q = O. I.
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Proof When r is odd we put

hex, u) =

o if u = 0.

In this case, from the Cauchy theorem

lim h(x,u)= lim {(r+2)!a r +2}-1
u ....... o u.....o

if u *0,

x Lto (_l)r- j j'+2g(r+2)(x + ju) - (r + 2)! ar+2g<r+2)(x)(

= {(r+2)!ar+z} 19<r+z1(x)

X ljto (_l)r-
j C)f+ 2

-(r+2)!ar+2l
=0.

Similarly, for even r we obtain the second equality. Q.E.D.

if u=O
if u =0.

LEMMA 2.2. Let 0 < a.

(I) If [a 1* a,for g with g([a]) E Up(a - [a); C[O, 1)) we have

A~alg(x) = u[alg([a])(x) + uah(x, u).

(2) If [a) = a,for g with g(a-ll E Lip(l; C[O, 1)) we have

A~-lg(X) = u"-lg(a-l)(x) + uah(x, u).

Here, hex, u) is continuous except for u ° and uniformly bounded;
Ih(x, u)1 ~M for all x, u.

Proof (1) We put

\u-a{A~alg(x)- u[alg([a])(x)}
hex, u) = (0

For u * 0, we see

Ih(x, u)1 = lu-a{A~alg(x) - u1alg([a])(x)}1

~ u-ar... rIg([a])(x + u 1 + ... + ural) - g([a])(x)1
o 0
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·u ·u

~MIU-a I ... I (U 1 + ... + U["I)"-\"I du l • .. dU["1
. I) . (l

~Mlu-"(Ialu)" ["I u 1n \

~Mllal=M,

where M 1 is a constant.

(2) This follows by the same method as (I ).

The next lemma follows by IL Chap. 4, Sect. 31·

LEMMA 2.3.

\ n
I r 2) if r is oddA I ~ 2ft t I( I ) 1,,"21 ~ n -

In U+ I) if r is even.

where n' = Inip 1+ l.

(2) For °~ a ~ 2p- 2 we have

·1

{) I unk (u)du~n nn lip "'-'
. (l

195

Q.E.D.

If we use the three lemmas mentioned above, we obtain the main lemma
with respect to the kernel (0.1).

LEMMA 2.4. The kernel k np satisjies Conditions I ~ IV.

Proo}: Let.le = I.

(I) By Lemma 2.3(1),

. I . (~

Pn I knp(u) du = Pn I knp(u) du~ ),,)/2\ = o(n r j.
-b .

(U) By Lemma 2.3(2),

From

.)

p,,1 ukk"p(u)du~n k
-0

k = 0, I, ... , 2p - 2.

r* =
Ir + 1= 2p - 2
Ir = 2p - 2

if r is odd

if r is even.
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there is a sequence {nj} of natural numbers and a constant c; *- 0 depending
on r such that

Let r be odd. By Lemma 2.1, for g E C~' + I we have

lim nj'{ G(x) - /npr(G; x)}
J-tOO }

I

= ~im n;+lpnf j~G(x) kn.p(u) du
J .... CI) J 0 J

- a c' g(r+ I)(x) +I- r+2 r 2'

But, for any e >0 there is a 0 >0 such that

Thus, /2 = 0 and we have

Fm nj' {G(x) - /npr(G; x)} = crg(r')(x).
J~OO J

This also follows when r is even.

(III) This follows by Lemma 2.3(2).

(IV) Inductively, the following is shown:

(::r) knp(u) = 2{cos(tj2)} -(2r-1) i; Tri(t)Ki~/2IP(t),

where u = sin(tj2) and

1

a polynomial of degree r - 1 or less

with valuable sin(tj2) if r is odd,
Tri(t) =

{cos(tj2)} . {a polynomial of degree (r - 2) or less

with valuable sin(tj2)} if r is even.



SATURATION AND INVERSE THEOREMS 197

For 0';;; x,;;; I and 60 ';;; u ,;;; j - 60 we see (x - u)/j';;; 1 - 60 and (x - u)/j ~
-1 + 6r . In this case we have

I
(

dr ) (P ') "j - 00 ( x - u ); " '
-r -!-'- J, F(u)k np --.- dul ';;;MriiIFilero,ll n '.
dx] 8 0 ' ]

Thus we have

Q.E.D.

Thus we obtain the following results.

COROLLARY 2.1. For f E Cia, b I we have

(I) Ilf -lnpr(F)llcla.hl = o(n r) cc> f E Dr I'

(2) 11/-lnpr(F)ilc,a.h,=O(n r')~pr' 'iELip(I:CI/I).

COROLLARY 2.2. Let f E Cia, b I and 0 < a < r. Then we have

Ilf - Inpr(F)llera.h' = O(n (l) ~ f E LiPr(a: CI II)·

In the next place we consider the application to a Korovkin-type operator.

LEMMA 2.5 131. Let rp be a non-negative and decreasing function on
[O.cl,rp(O)=l.O';;;rp(x)< I if 0 <x';;;c, and

lim \ 1 - rp(x)}/x\ = d.
X-tO·

(2.2)

where A and d are positive numbers. Then, for every fJ ~ 0 and n = 1, 2.... ,
we have

B(,1. fJ)(nd) IiH- 11'\ __ (2d) - (8, I )il e ,,/(1,/

,)

,;;; I tiJrpn(l) dt
, 0

,;;; A (A, fJ)( nd) w, 1III + e

where A (A, fJ) and B(,1, fJ) are positive constants depending on A and fJ, and /7
is a certain positive constant. Thus.
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LEMMA 2.6. Let cp satisfy condition (2.2) and the condition

o~ u ~ 1, (2.3)

where M is a constant. Then condition IV is satisfied.

Proof We use the lemma 2.5.

Ie )PnJ:F(U) (:;,)cpn (X7 U
) du

l

= I(~)' Pnr-X)/j F(x + ju) (dd',) cpn(U)du[
J (-xl/; U

:::;; 2r' IIFlbo.ll PnJ
0

1

nPrcpn-,(u) I(d~ ) cp(u) I' du

1

~ 2Mr' IIFIIC[O,l] nPr PnJU,(·l-Ilcpn-,(U) du
o

Q.E.D.

Condition (2.2) is satisfied for all of the examples mentioned in the
beginning of this section. Further, if we put 11 = 2k, k = 1, 2,..., in the
examples we see that they satisfy condition (2.3), too. For the operators of
this kind we obtain the following main lemma.

LEMMA 2.7. If a Korovkin-type operator satisfies condition (2.2), it
satisfies also Conditions I-III. Further, if that operator also satisfies (2.3) it
satisfies Condition IV.

Proof (I) For 0 ~ b l < 1,

(II) Using Lemma 2.1 and 2.5 we see that Condition II is satisfied.
Its proof is same as Lemma 2.4(11).

(III) This follows from Lemma 2.5.

(IV) This follows from Lemma 2.6. Q.E.D.

By Lemma 2.7 we have
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COROLLARY 2.3. Let a Korovkin-tJ'Pe kernel (0.4) satis})' Conditioll
(2.2). ThenJor I E Cia, b I and the operator (0.5) we haee

( I) III ~ Knr(F)llcla.hl = o(n r.J) -> I E fIr I'

(2) III~Knr(F)llc'(J.hl=O(n "\).:?p' I\ELip(l:ClII)·

COROLLARY 2.4. Let a KOl'Oekin-t}'Pe kernel (0.4) satis/i' Condition
(2.2) and (2.3). Then,for I E Cia. b I and the operator (0.5) )\,e obtain that
lor a < a < r

III KnrU'WCla.bl O(n (,J)=IELiPr(u;C\I\).

3. L". I ~ p < 00. CASE.

For eachf E LplII we consider a function FE L"IO. II. which is extended
by the same methods as the uniform case. However. we have to change
Condition (4) in (0.2) by the condition; (4 1

). F is sufficiently smooth. for
instance. iff(x} H(x) a,e. on la, b I. where HI'I E Lip( 1: L"la. b I). there is
a function HI such that F(x} = HI(x} a.e. on 10.11. and H I

I" E
Lip(l: LpIO. II). or there is a constant 1\.11'/ depending on rand f such that
wr,,(F;h)~IHrfwrIU;h). O<h~(b-a)/r. where wr,,(g;') is the integra]
modulus of smoothness of order r for g. Of course. we consider the LI,-norm
through this section.

By the same lines as the uniform case we obtain the following theorems.
The proofs are omitted.

THEOREM C. If we assume L II and Ill. .lorIE L" II i 1ft' haee

(]) Ilf- K"r(F)ill,,[fi.hl = o(n I )?~p E fl,. I ;ftx) = Pix) a.c..

(2) Ilf--Knr(F)!II"lu,b,=O(n I \)<;3HEL;: 1/0.11: I(x) H(x)
a.c.. H lr ' II E Lip(I;LpjO. I D.
where g E L~IO. II means glk) E LpIO. II.

THEOREM D. Let f E L"II I and 0 < a < r. ~{ )ve assume l. 1II and IV.
where we change the uniForm-norm in IV by the L,,-norm. we have
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